In this paper the thin film flow of an Oldroyd 6-constant fluid on a vertically moving belt is investigated. The basic equation of a non-Newtonian fluid in a container with a wide moving belt which passes through the container moving vertically upward with constant velocity, is reduced to an ordinary nonlinear differential equation. This equation is solved approximately by means of the Optimal Homotopy Asymptotic Method (OHAM). The solutions take into account the behavior of Newtonian and non-Newtonian fluids. Our procedure intended for solving nonlinear problems does not need small parameters in the equation and provides a convenient way to control the convergence of the approximate solutions.
Introduction
It is known that in practical applications the behavior of viscoelastic fluids cannot be represented by that of Newtonian fluids. The inadequacy of the classical NavierStokes model to describe the fluids which do not obey the Newtonian postulate that the stress tensor is multiple of the shear strain, has led to the development of several models of non-Newtonian fluids. During the past few decades, various constitutive equations have been proposed for these non-Newtonian fluids. The differential equations that describe non-Newtonian fluids are in general nonlinear and highly complicated, but there is not a single constitutive equation available in the literature by which one can study the flow behavior of viscoelastic fluids. Thin film flows have attracted the attention of numerous researchers, due to their wide applications in engineering and science. Such applications include for example microchip production, the linings of mammalian lungs and so on.
Last few years, many researchers have focused on different problems related to such non-Newtonian fluids. The Oldroyd fluid has acquired a special status amongst the many fluids of the rate type, as it included as special cases the classical Newtonian fluid and the Maxwell fluid [1] . This fluid takes into account the properties of stress relaxation and retardation. The two-dimensional steady flow of an incompressible Maxwell fluid in a corner formed by two planes, one of which is sliding past the other at a certain angle, was first investigated by Strauss [2] . Hancock et al have investigated the effects of inertial forces by constructing regular perturbation series for the stream function in [3] . Rajagopal and Bhatnagar [4] presented two solutions for the flow of an Oldroyd-B fluid: the flow past an infinite porous plate and the longitudinal and torsional oscillations of an infinitely long rod of finite radius. The twodimensional steady slow flow of an Oldroyd 6-constant fluid between intersecting planes, one of which is fixed and the other moving, has been analyzed by Baris [5] . The effects of the non-Newtonian parameter on the flow pattern are carefully delimited. There is, unlike the case of Newtonian fluid, a secondary flow near the corner. Such flow are of considerable practical interest as they locally appear in a cylinder with a moving piston, or at the edge of a blade used to scrape up liquid from a surface.
Very recently, Hayat et al [6] studied some steady unidimensional flow of an Oldroyd 8-constant MHD fluid in bounded domain. The MHD solutions for a Newtonian fluid as well as those corresponding to the Oldroyd 3 and 6-constant fluids, a Maxwell fluid and a second grade one, appear as limiting cases of the obtained solutions. Hayat et al [7] and Wang et al [8] considered Couette and Poiseuille flows of an Oldroyd 6-constant fluid with magnetic field. Sajid et al [9] investigated the problem of wire coating by withdrawal from a bath of MHD Oldroyd 8-constant fluid, using homotopy analysis method, and Khan et al [10] also discussed an Oldroyd 8-constant MHD fluid but between coaxial cylinders subject to partial slip at the boundaries. The Oldroyd 6-constant fluid and fluid-slip on the three nonlinear boundary value problems are studied by Hayat et al in [11] . Ellahi et al [12] investigated an Oldroyd 8-constant fluid over a suddenly moved plate and Sajid and Hayat [13] obtained an exact solution for thin film flow of an Oldroyd 8-constant fluid. Using Fourier sine and Laplace transforms, Vieru et al [14] , established exact solutions for the unsteady flow of an incompressible generalized Oldroyd-B fluid due to an infinite constantly accelerating plate. Hayat et al [15] obtained the exact solution of a thin film flow of an Oldroyd 6-constant fluid and Ellahi et al [16] for flows of an Oldroyd 8-constant fluid with nonlinear slip conditions. The energetic balance for the motion of an Oldroyd-B fluid due to an impulsively moved plate is presented by Fetecău et al in [17] . 3D flow of a generalized Oldroyd-B fluid due to a constant pressure gradient between two side walls perpendicular to a plate is presented by Zheng et al in [18] . Shah et al [19] used the optimal homotopy asymptotic method in the study of the wire coating in a pressure type die with the bath of Oldroyd 8-constant fluid with pressure gradient. The nonlinear differential equations of the steady thin film flow of an Oldroyd 8-constant fluid is solved by Siddiqui et. al. [20] applying the variational iteration method and Adomian decomposition method. In [21] , the slip-effect on the rotating flows on an Oldroyd-B fluid in a porous space is examinated by Hayat et al. The fluid is permeated by a transverse magnetic field. The governing equations include the modified Darcy's law for an Oldroyd-B fluid.
Analytical solutions to nonlinear differential equations play an important role in the study of the flow of an Oldroyd different types fluids, but is difficult to find these solutions in the presence of strong nonlinearity. Many new approaches have been proposed to find and develop approximate solutions of nonlinear differential equations. Perturbation methods have been applied to determine approximate solutions to weakly nonlinear problems [22] . But the use of perturbation theory in many problems is invalid for parameters beyond a certain specified range. Other procedures have been proposed such as: the Adomian decomposition method [23] , some linearization methods [24] , [25] , various modified LindsedtPoincaré methods [26] , the optimal homotopy perturbation method [27] , [28] and so on.
In this paper we consider flows of the Oldroyd 6-constant fluid over a moving belt. A version of the optimal homotopy asymptotic method (OHAM) is applied in this study to derive highly accurate analytical expressions of solutions. Our procedure does not depend upon any small or large parameters, contradistinguishing from other known methods. The main advantage of this approach is the control of the convergence of approximate solutions in a very rigorous way. A very good agreement was found between our approximate solutions and numerical solutions, which proves that our method is very efficient and accurate.
Governing equations
The Cauchy stress T is:
where −pI -is the indeterminate part of the stress due to the constraint of incompressibility and the extra stress tensor S is defined by
where λ 1 , λ 2 , λ 3 , λ 4 , λ 5 , λ 6 , λ 7 , µ are material constants, A 1 -is the first Rivlin-Ericksen tensor defined by
where L is the spatial velocity gradient, L = gradV, V being the velocity vector. The contravariant derivative D/Dt in terms of the material derivative d/dt is defined by
It should be noted that when λ i = 0, i = 1, ...7, the model reduces to the classical linearly viscous model of a Newtonian fluid. When λ 3 = λ 4 = λ 5 = λ 6 = λ 7 = 0 it reduces to a 3-constant model of an Oldroyd-B fluid, while for λ 2 = λ 3 = λ 4 = λ 5 = λ 6 = λ 7 = 0 it reduces to a Maxwell model. For λ 1 = λ 3 = λ 5 = λ 6 = λ 7 = 0 the model describes a second grade fluid and for λ 5 = λ 6 = λ 7 = 0 it reduces to a Johnson-Segalman model. For λ 6 = λ 7 = 0 the model reduces to the Oldroyd 6-constant.
Neglecting thermal effects and body forces, the equations of motion of an incompressible fluid are:
where ρ is the density and t is the time.
If the extra tensor and velocity are respectively:
From Eq. (7), the continuity equation (5) is satisfied identically and the momentum equation (6) becomes: dp dy
where
and modified pressurep becomes:
From Eqs. (9) and (8) we obtain after nondimensionalization:
where α 1 and α 2 are given in terms of the nondimensional material constants and m is a nondimensional gravity parameter. The boundary conditions are
3 Basic ideas of optimal homotopy asymptotic method
Eq. (14) with boundary conditions (15) can be written in a more general form
where N is a given nonlinear differential operator depending on the unknown function Φ(x), subject to the boundary conditions
Let Φ 0 (x) be an initial approximation of Φ(x) and L an arbitrary linear operator such as
where f (x) is an arbitrary continuous function. We remark that this operator L is not unique. If p ∈ [0, 1] denotes an embedding parameter and F is a function, then we propose to construct a homotopy [32] , [29] , [30] , [31] :
with the properties
where H(x, C i ) ≠ 0 is an arbitrary auxiliary convergencecontrol function depending on variable x and on a number of auxiliary parameters C 1 , C 2 , ..., Cm which will be defined later. Let the function F be in the form 
and equating the coefficients of like powers of p, we obtain the governing equation of Φ 0 (x) given by Eq. (18) and the governing equation of Φ 1 (x, C i ), Φ 2 (x, C i ) and so on. If the series (22) is convergent at p = 1, one has
But in particular we consider only the first-order approximate solution
and the homotopy (19) in the form
Equating only the coefficients of p 0 and p 1 into Eq.
(26), we obtain the governing equation of Φ 0 (x) given by Eq. (18) and the governing equation of
It should be emphasized that Φ 0 (x) and Φ 1 (x, C i ) are governed by the linear Eqs. (18) and (27) , respectively with boundary conditions that come from the original problem, which can be easily solved. The convergence of the approximate solution (25) depends upon the auxiliary convergence-control function H(x, C i ). There are many possible forms of the function H(x, C i ). Basically the shape of H(x, C i ) must follow the terms appearing in the Eq. (27) . Therefore, we try to choose H(x, C i ) so that in Eq. (27) , the product 
At this moment, the first-order approximate solution given by Eq. (25) depends on the parameters C 1 , C 2 , ..., Cm and these parameters can be optimally identified via various methods, such as the least square method, the Galerkin method, the Kantorowich method, the collocation method or by minimizing the square residual error
where a and b are two values depending on the given problem. The unknown parameters C 1 , C 2 , ..., Cm can be identified from the condition
With these parameters known (namely convergencecontrol parameters), the first-order approximate solution (25) is well-determinate.
Application of OHAM to thin film flow of an Oldroyd 6-constant fluid
In what follows we apply our procedure to obtain approximate solutions of Eqs. (14) and (15) . For this purpose, we choose the linear operator in two cases.
Case 1.
In the first case we suppose that the linear operator has the form
where prime denotes derivative with respect to x, and Φ(x) = v(x) then the nonlinear operator becomes
The initial conditions (15) become
From (33) we obtain two subcases:
In the first subcase we consider the following initial conditions
The Eq. (18) can be written as
Its solution is
The second function v 1 (x) is obtained from Eq. (27) :
Substituting Eq. (36) into (38), the nonlinear operator N becomes
The expression (39) is a polynomial one and the auxiliary function H 1 (x, C i ) from Eq. (37) is chosen such that the product H 1 N be of the same form [32] . Therefore we choose the auxiliary function H 1 (x, C i ) in the form
where C 1 , C 2 , ..., C 5 are unknown parameters.
There are many possible forms of the function H 1 (x, C i ) which appears into Eq. (37).
For example we can consider the following possibilities:
and so on. Inserting Eqs. (41) and (39) into Eq. (37) we obtain equation:
By solving Eq. (42) we obtain
The first-order approximate solution of Eqs. (14) and (34) is obtained from Eq. (24):
where v 0 (x) and v 1 (x) are given by Eqs. (36) and (43) respectively.
The residual given by Eq. (28) becomes
with v obtained from Eq. (44). In the second subcase, from Eq. (33) we have
The Eq. (18) becomes
with the solution
For the expression (48) of v 0 (x), the nonlinear operator N becomes
Eq. (27) for the function v 1 (x) is
where the auxiliary function
Substituting Eqs. (49) and (52) into Eq. (51), and thereafter solving this equation, we obtain the solution
The first-order approximate solution of Eqs. (14) and (46) is
where v 0 (x) and v 1 (x) are given by Eqs. (48) and (53) respectively.
Case 2.
In the second case, the linear operator can be chosen in the form:
where λ is an unknown parameter, and the nonlinear operator N is given by Eq. (32) . From Eq. (15) 2 or Eq. (33) we can consider the following two subcases:
In the first subcase, the initial conditions are
The solution of Eq. (57) has the form
Substituting Eq. (58) into Eq. (32), the nonlinear operator N(v 0 ) becomes:
where 
The second function v 1 (x) is obtained from Eq. (27):
The expression (59) of the nonlinear operator N(v 0 ) is an exponential one and therefore, the auxiliary function H 2 (x, C i ) can be chosen in the form
where C 1 , C 2 , and C 3 are unknown parameters. Also we can use the following expressions for the auxiliary function:
and so on. Now, substituting Eqs. (62) and (59) into Eq. (61), we obtain the equation
From Eq. (63) we can obtain the solution v 1 (x), such that the first-order approximate solution of Eqs. (14) and (56) in this subcase, can be written in the form
where v 0 (x) is given by Eq. (58) and
In the last subcase, the initial conditions are
The Eq. (18) has the form
and has the solution
By means of Eq. (68), the nonlinear operator N(v 0 ) becomes:
For the equation in v 1 (x) we choose the auxiliary function H 2 (x, C i ) in the form
The Eq. (27) can be written, by means of Eqs. (71) and (69) as
The first-order approximate solution in the last subcase has the form
Numerical results and discussions
We illustrate the accuracy of our procedure for different values of the coefficients α 1 , α 2 In Table 1 we present a comparison between the firstorder approximate solution given by Eq. (75) and numerical results for some values of variable x and the corresponding relative errors. In Table 2 This approximate solution is compared in Table 3 The OHAM solution (78) is compared in Table 4 with the numerical results. 
In Table 5 we present a comparison between the approximate solution (79) obtained by means of OHAM, and numerical results, and the corresponding relative errors. 
In Table 6 we present a comparison between the present solution (80) and numerical results and corresponding relative errors. 
In Table 7 we present a comparison between the solution (81) and numerical results, and corresponding relative errors.
In the following Tables, we present Figs 21-23 present graphically the variation of velocity profile with increasing parameter α 1 . It is observed that the speed of belt decreases with the increase of α 1 . In all cases, we deduce that the speed of belt decreases for α 1 = 0.5 and speed of belt increases for α 1 = −0.5 and for any values of m.
Conclusions
In the present work we propose Optimal Homotopy Asymptotic Method to obtain approximate analytical solutions for nonlinear differential equation of thin film flow of an Oldroyd 6-constant fluid. The validity of our procedure was demonstrated choosing the linear operator in two cases and different expressions of the convergencecontrol functions. Some representative examples are given and very good agreement was found between the approximate analytical results and numerical simulation results. The proposed procedure is valid even if the nonlinear differential equation does not contain any small or large parameter. We examine quantitative effect of the parameters α 1 , α 2 and m and the relative errors of approximate solutions in comparison with numerical results. OHAM is an approach proposed for the first time by Marinca and Herişanu in the study of the thin film flow [29] , then is used in many other studies as: the steady flow of a fourth-grade fluid past a porous plate [30] , the MHD Jeffery-Hamel flow [31] and so on [32] , such that for achieving a very accurate solution, our procedure ensured a very rapid convergence after only one iteration. Instead of infinite series, the OHAM searches for only a few terms and does not need recurrence formula. The parameters which appear in the composition of the auxiliary functions and in the linear operator are optimally identified via various methods by mathematically rigorous point of view. A large number of parameters in the auxiliary functions lead to more accurate results.
In all cases presented in this paper, for different values of the parameters α 1 , α 2 and m, we obtain an excellent agreement of the first-order approximate solutions. Also, the exact solutions of Newtonian fluid is obtained. It is worth mentioning that the proposed method is straightforward, concise and can be applied to other nonlinear problems.
